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ON THE NUMBER OF TYPE CHANGE LOCI OF A
GENERALIZED COMPLEX STRUCTURE
RAFAEL TORRES AND JONATHAN YAZINSKI
Abstract : In this note, we describe a procedure to construct generalized com-
plex structures with an arbitrarily large number of type change loci on products of
the circle with a connected sum of closed 3-manifolds. The loci need not be isotopic.
1. Introduction
Generalized complex structures [Hit03, Gua11] are a simultaneous generalization
of complex and symplectic structures that are obtained via the search for complex
structures on Courant algebroids over a smooth manifold. Generalized complex
geometry [Hit03, Gua11] provides an unifying language for several seemingly dif-
ferent features of symplectic and complex geometries. Important examples of such
common themes are the generalized complex analogues for the (p, q)-decomposition
of forms from complex geometry, and the analogues for symplectic and Lagrangian
submanifolds.
A fundamental feature of these structures, is that the type of a generalized com-
plex structure in dimension greater than two is not necessarily constant. It can
jump along a codimension two submanifold called the type change locus. In di-
mension four, the type jumps from a symplectic type to a complex one along a
2-torus, which inherits the structure of an elliptic curve. This was shown to be a
generic phenomena in [Gua11, CG07, CG09], where structures with at most one
type change locus were built. This kind of generalized complex structures can be
described as symplectic structures that acquire a singularity along a codimension
two submanifold.
Recent constructions of inequivalent smooth structures on 4-manifolds with small
topological invariants [Gom95, FPS07, BK08, BK09] were used in [Tor12] to pro-
duce examples of generalized complex structures with several type change loci on
a myriad of 4-manifolds by applying the cut-and-paste operations [Lut95, ADK03,
CG07, CG09]. Gualtieri and Cavalcanti asked the first author of this note the nat-
ural question: do generalized complex structures with arbitrarily many type change
loci exist? This question was answered in the affirmative in [Tor’12] (see Section
3.3) and independently in [GH13].
In this note, we describe a procedure in Section 3 (cf. [FPS07, BK08, Tor12])
to construct generalized complex structures with as many type change loci as you
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want, as long as you want at least one, on product manifolds
(1) S1 ×M3,
where M3 is a closed 3-manifold formed as a connected sum of manifolds with
a variety of choices of fundamental group. The following result exemplifies the
procedure, as well as the choice of 3-manifold M3. We denote the connected sum
of t copies of a manifold M by #t ·M , and a surface of genus g by Σg; in particular,
Σ0 = S
2 and Σ1 = T
2. The Lens spaces considered are L(pi, 1), and we assume
pi ≥ 2 for i ∈ N; in particular, L(2, 1) is the real projective 3-space RP3.
Theorem 2. Let a ∈ {0, 1}, and let b, c be nonnegative integers. The almost-
complex 4-manifold
(3) S1 × (S3#(#a · S1 × Σg)#(#b · S1 × S2)#(#c · L(pi, 1)))
admits a generalized complex structure Jn with n ∈ N type change loci.
The procedure described in Section 3 produces generalized complex structures on
a much larger set of connected sums of 3-manifolds. The type change loci need not
be homologically equivalent as discussed in Section 2.2. There is an overlap between
Theorem 2 and Proposition 21, and [GH13, Theorems 3.1 and 4.7]. It has been
known for a couple of years [Tor’12] that, building on recent progress on 4-manifold
topology [Gom95, FPS07, BK08], generalized complex structures with arbitrarily
many type change loci can be constructed using only [Lut95, ADK03, CG07, CG09]
by small tweaks to the proofs in [Tor12] (see Section 3.3 and Remark 24). These
operations were generalized in [GH13] to construct generalized complex structures
with arbitrarily many type change loci as well. Moreover, the main objective of this
note as exemplified in Theorem 2 is to produce generalized complex structures on
manifolds of the form S1×M3, while the results [GH13] apply to broader generality
(please see Remark 24).
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resulted in Section 3.2 and motivated the writing of this note. We thank Ryushi
Goto and Kenta Hayano for their interest in this paper and for their input, which
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Marco Gualtieri, Kenta Hayano, Nigel Hitchin, Paul Kirk, and Stefano Vidussi
for useful conversations/e-mail exchanges. Support from the Simons Foundation is
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2. Background
2.1. Type change loci of generalized complex structures. A generalized
complex structure on a manifold is prescribed by its canonical bundle, whose defi-
nition we now recall following [Gua11]. Throughout the paper, we assume that M
is a closed smooth manifold.
Definition 4. (cf. [Gua11, Definition 3.7]). The canonical bundle of a generalized
complex structure J on the sum TM ⊕ T ∗M is the line sub-bundle K ⊂ ∧•T ∗CM
that annihilates its +i-eigenspace.
The type of a generalized complex structure J [Gua11, Definition 3.5] is the
upper semi-continuous function
type(J ) = 12dimRT ∗M ∩ J T ∗M ,
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with possible values {0, 1, . . . , n}, where n = 12dimRM .
The type of J can be read off from the differential form that generates its
canonical bundle K as follows. A generator ϕ ∈ Kx for the canonical line bundle
at the point x ∈M is of the form
(5) ϕ = eB+iω ∧ Ω,
where Ω = θ1 ∧ · · · ∧ θk for a basis {θ1, · · · , θk} for L∩ T ∗CM , where L is the +i-
eigenbundle, and B,ω are the real and imaginary components of a complex 2-form.
The type of J is given by the least nonzero degree (k) of the differential form ϕ
[Gua11, Section 3.1]
type(J ) = deg(Ω).
Although the type need not be constant and it may jump along closed subman-
ifolds of codimension two [Gua11, CG07, CG09, Tor12, Tor’12, GH13], its parity
does remain fixed throughout the manifold [Gua11, Section 4.1].
2.2. Torus surgeries and geometric structures. Let T ⊂ M be a 2-torus of
self intersection zero inside a 4-manifold, and let ν(T ) ∼= T 2 × D2 be its tubular
neighborhood. Let {α, β} be the generators of pi1(T ) and consider the meridian µT
of T inside the complement M−ν(T ), and push offs S1α, S1β of the generators {α, β}
in ∂ν(T ) ≈ T 3. There is no ambiguity regarding the choice of push offs, since in our
constructions the manifold M will be symplectic, the torus T will be Lagrangian (or
symplectic), and the push offs are taken with respect to the Lagrangian framing.
The loops S1α and S
1
β are homologous in ν(T ) to α and β respectively.
The manifold obtained from M by performing a (p, q, r)-torus surgery on T along
the curve γ := pS1αqS
1
β is defined as
(6) MT,γ(p, q, r) := (M − ν(T )) ∪ϕ (T 2 ×D2),
where the diffeomorphism ϕ : T 2 × ∂D2 → ∂(M − ν(T )) used to glue the pieces
together satisfies
(7) ϕ∗([∂D2]) = p[S1α] + q[S
1
β ] + r[µT ]
in H1(∂(M − ν(T )));Z).
If T is a Lagrangian torus, the manifold MT,γ(p, q, 1) admits a symplectic struc-
ture [Lut95, ADK03]. If the torus T is a symplectic submanifold, then MT,γ(p, q, 0)
admits a generalized complex structure with one type change locus [CG07]. The
type of the generalized complex structure J jumps from 0 to 2 along the core torus
(8) Tˆ := T 2 × {0} ⊂ T 2 ×D2
of each surgery. Such a torus is nullhomologous in MT,γ(p, q, 0).
Regarding the homology class of the torus that acts as the type change locus
we have the following. Assume the generalized complex structure has at least two
type change loci Tˆi ⊂ XT (p, q, 0) for i = 1, 2. Blowing up a point along a point on
the submanifold Tˆ1, results in a generalized complex structure on XT (p, q, 0)#CP2.
Using the exceptional sphere introduced during the blow up, one sees that the
homology class of the torus T¯1 = Tˆ1#CP1 is non-trivial, and it has self-intersection
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Figure 1. Surgery curves and tori in T 2 × Σh
−1. The torus Tˆ2 is nullhomologous. In particular, the type change loci of a
generalized complex structure need not represent the same homology class.
Remark 9. Computations of fundamental groups of cut-and-paste constructions
along submanifolds of codimension two are as challenging as they are essential
when determining the topological type of the resulting manifold [BK08]. A (p, q, 0)-
torus surgery carves out the torus T and glues it back so that its meridian bounds a
disk in MT,γ(p, q, 0). In particular, a generator of the group pi1(M) is killed directly
[Tor12]. Performing a (p, q, 0)-torus surgery allows us to skip these computations,
and pin down directly the diffeomorphism type of MT (p, q, 0) as we do in the next
section. Moreover, due to our goal of producing arbitrarily many type change loci,
we will be generous with the number of these surgeries performed.
3. Surgical procedure and topological considerations.
3.1. Description of the construction and proof of Theorem 2. The following
procedure is adapted from [FPS07, BK08] to our purposes. Consider the manifold
T 2 ×Σh, and equip it with the product symplectic form pi∗1ωT 2 ⊕ pi∗2ωΣh , where pi1
and pi2 are the projections to the first and second factors respectively. The tori Ti
involved in the surgeries are of the form
(10) S1 × S1 × {pt} ⊂ (S1 × S1)× Σh = T 2 × Σh
(11) {pt} × S1 × S1 ⊂ S1 × (S1 × Σh) = T 2 × Σh,
each of the corresponding surgery curves γi carries a generator
(12) y, a1, b1, · · · , ah, bh
of the group pi1(T
2)× pi1(Σh) ∼= pi1(T 2 ×Σh), where {x, y} generate pi1(T 2) and
{ai, bi} generate pi1(Σg) as indicated in Figure 1. The loop x will not be used as a
surgery curve in any of our cut-and-paste constructions, and it generates the circle
product factor in the resulting manifold S1 ×M3. In what follows we will abuse
notation and denote by x, y, ai, bi the loops that carry the generators of the group.
The submanifolds Ti are homologically essential Lagrangian tori, and the symplec-
tic form can be perturbed [Gom95, Lemma 1.6] so that any of these tori becomes
symplectic when needed.
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To fix ideas, and for the sake of clarity, we describe the construction of a gen-
eralized complex structure with an arbitrary number of type change loci on the
manifolds
(13) S1 × (S3#t · S1 × S2)
and
(14) T 2 × Σg.
We then explain the modifications on the argument required to construct all the
manifolds of Theorem 2. The choice of initial manifold to undergo surgery is
T 2 × Σh, where the genus of the surface is a function h = h(a, b, c, n), where
a, b, c, n are as in Theorem 2, that depends on the desired 3-manifold M3, and on
the number of type change loci one wants for the generalized complex structure to
have.
• Let us construct a generalized complex structure Jn with n ∈ N type change
loci on T 2 × Σg. Set h = n + g, and consider T 2 × Σh as our starting manifold
equipped with the symplectic structure pi∗ωT 2 ⊕ pi∗ωΣh . The group pi(T 2 × Σh) is
generated by the loops
(15) x, y, a1, b1, · · · , ag, bg, ag+1, bg+1, · · · , ag+n, bg+n.
We perform a total of 2n (p, q, r)-torus surgeries along tori {Ti}, each surgery
curve γi on the 2-torus Ti given by one of the loops ag+1, bg+1, · · · , ag+n, bg+n,
to obtain a manifold diffeomorphic to T 2 × Σg. Setting either (p, q) = (1, 0) or
(p, q) = (0, 1) according to the choice of γi, we perform n surgeries with coefficient
r = 1 [Lut95, ADK03], and n surgeries with coefficient r = 0 [CG07]. Denote by
X(g, n) the resulting manifold, which admits a generalized complex manifold with
n type change loci by [CG07]. We will prove in the next section that X(g, n) is
diffeomorphic to T 2 × Σg.
• We construct a generalized complex structure Jn with n ∈ N type change loci
on S1 × (S3#t · S1 × S2). Set h = t + n. The group pi(T 2 × Σh) is generated by
the loops
(16) x, y, a1, b1, · · · , at, bt, at+1, bt+1, · · · , at+n, bt+n
(see Figure 1). We choose the tori 11 that have on them the surgery curves γi = ai
for i = 1, . . . , t + n and γj = bj for j = t, · · · , t + n, and apply (1, 0, r)- and
(0, 1, 1)-torus surgeries on them, respectively. Since we want a generalized complex
structure Jn with n type change loci, we will perform along the surgery curves
γi n torus surgeries with coefficient r = 0, and t torus surgeries with coefficient
r = 1. First, we apply all the (0, 1, 1)- and (1, 0, 1)-torus surgeries, to obtain a
symplectic manifold [ADK03, Lut95]. We then perturb the symplectic structure
so that the unused tori become symplectic, and then apply the remaining surg-
eries with r = 0 [CG07]. If t = 0, then we do a (0, 1, 1)-torus surgery along the
curve γ = y. Denote by M(t, n) the manifold obtained after the surgeries. We will
prove in the following section that M(t, n) is diffeomorphic to S1×(S3#t ·S1×S2).
• The only remaining unaccounted diffeomorphism type in Theorem 2 corre-
sponds to connected sums that include copies of Lens spaces L(pi, 1), and we pro-
ceed to explain their construction. Recall that the genus of the surface of the initial
6 RAFAEL TORRES AND JONATHAN YAZINSKI
Figure 2. Diffeomorphism with S1 × (S1 × Σg)
manifold is determined by h = h(a, b, c, n), where b is the number of copies of
S1 × S2 and c is the number of copies of Lens spaces. In the previous construction
of S1× (S3#t ·S1×S2) some of the surgery loops γi = bi were not used during the
surgeries, and they give rise to the S1×S2 factors. To obtain the desired manifold,
one can set b 7→ b + c, and perform a (p, 0, 1)- or (0, p, 1)-surgery on a torus along
the surgery curve with p ≥ 2 [Lut95, ADK03]. As mentioned in Remark 9 (cf.
[Tor12]), after performing at least one surgery with r = 0, an (0, p, 1)-surgery along
the surgery loop γ = b introduces the relation bp = 1 to the fundamental group.
In particular, such a surgery results in the final manifold containing a Lens space
instead of a copy of S1 × S2 as we will see in the following section.
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Figure 3. Diffeomorphism with S1 × (#t · S1 × S2)
3.2. Diffeomorphisms. In order to pin down the diffeomorphism types of the
manifolds that were constructed in Section 2.2, we use the property that a diffeo-
morphism φ : M31 →M32 of 3-manifolds extends to a diffeomorphism of the product
4-manifolds φˆ : S1 ×M31 → S1 ×M32 . We are indebted to Ron Stern, from whom
we learned the following argument. We think of the surgical tori of Section 3 as
the product of a circle and a thick 2-torus
(17) S1 × (S1 ×D2) ⊂ S1 × (S1 × Σh).
The torus surgeries described in Section 2.2 are thought of as
S1× Dehn surgery,
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and we restrict our attention to the effect that the Dehn surgeries have on the
3-dimensional factor S1 × Σh to conclude on the existence of the claimed diffeo-
morphism using three-dimensional link calculus [Rol76, Kir78, FR79] (see [PS97,
Chapter VI] for a concise exposition).
Proposition 18. Let X(n) and Y (n) be the manifolds constructed in Section 3.
There exist diffeomorphisms
(19) Ψ′ : X(g, n) −→ S1 × (S1 × Σg)
(20) Ψ : M(t, n) −→ S1 × (S3#(#t · S1 × S2))
Proof. Item 19: The existence of the claimed diffeomorphism follows from the three
dimensional Kirby calculus argument shown in Figure 2. We begin with the stan-
dard diagram of S1 × Σg+n given by the top part of Figure 2 removing the small
horizontal yellow 0-framed handles linked to the red 0-framed handles, and the
lower vertical purple k-framed handles linked to the green 0-framed handles. The
manifold S1 × Σg+n is obtained by surgeries on the components of the link in S3.
The larger 0-framed horizontal handle represents the loop y, while the handles
linked to it represent the loops {ai}. The vertical 0-framed handles linked to the
handles representing the ai loops represent the loops {bi}. The first g linked 0-
framed handles arising from the loops {y, a1, b1, · · · , ag, bg} go untouched during
the surgical procees, and will be the final S1 × Σg block [Rol76]. The surgeries on
the loops {aj , bj : j = g + 1, . . . , g + n} are represented by attaching the aforemen-
tioned linked horizontal and vertical, respectively, as in the right part of the top
diagram in Figure 2. After the indicated handleslides, we arrive to the bottom part
of Figure 2, where each manifold obtain by surgery on a pair of linked handles is a
3-sphere. The claim now follows.
Item 20: We begin with the standard diagram of S1 ×Σh given by the top part
of Figure 3 with the small horizontal 0-framed handles, and the lower vertical 1-
framed handles removed from the picture. The larger 0-framed horizontal handle
represents the loop y, while the handles linked to it represent the loops {ai}. The
vertical 0-framed handles linked to the handles representing the ai loops represent
the loops {bi}. The loops {y, bi} will provide the S1 × S2 factors on the connected
sum: notice that the handlebody of S1 × S2 is an uknotted 0-framed circle [PS97,
Proposition 14.4]. Performing a (1, 0, r)-torus surgery along the surgery curve γi =
ai is represented by attaching a vertical 0-framed handle to the diagram such that
it links the surgery curve. The (0, 1, 1)-torus surgeries are indicated in the diagram
as 1-framed handles linked to the vertical 0-framed handles that represent the loops
{bj}.
Perform the handle slides indicated in the diagram in the middle of Figure 3. In
the bottom diagram of Figure 3, the linked circles with 0- or 1-framing represent
the connected sum of copies of the 3-sphere, while the t unlinked 0-framed handles
represents (#t ·S1×S2) [PS97, Proposition 14.4]. This implies that the 3-manifold
is diffeomorphic to (#t · S1 × S2), and therefore M(t, n) = S1 × (#t · S1 × S2).
Performing a (0, 1, r)-torus surgery along γ = y amounts to adding a linked handle
to the bigger horizontal 0-framed handle, and the same handle slides prove that the
resulting manifold is diffeomorphic to S1 × S3. 
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Finally, to conclude on the diffeomorphism type of the remaining cases of The-
orem 2, one argue as follows. The only remaining case of the connected sum of 3-
manifolds are those that include Lens spaces. For this purpose we consider L(p, 1)
as obtained from performing surgery on the unknot in S3 with framing p or by
surgery on a Hopf link with framings p+ 1 and 1 [FR79, Chapter 9], [PS97, Chap-
ter VI]. The surgery described in the last paragraph of Section 3.1 changes the
corresponding 0-framed unknots or Hopf links with framings 0 and k in Figure 1
or Figure 2 to a p-framed unknots or the Hopf links with the corresponding fram-
ings, respectively. A weaker statement on the existence of Lens spaces factors in
the connectd sums of Theorem 2 is obtained by computing the fundamental group
of the resulting manifold as done in [Tor12], albeit this is not sufficient to con-
clude on the homeomorphism type of the Lens space. Indeed, recall that two Lens
spaces L(p, q1) and L(p, q2) have cyclic fundamental group of order p, yet they are
homeomorphic only if q1 = q2 mod p [PS97, Section 11.3] (see Remark 24).
3.3. Produce of coupling two areas of research. The following proposition
is two-fold, and it is a direct consequence of the recent outstanding progress on
4-manifold theory [Gom95, RFS04, Vid04, FPS07, BK08, BK09]. First, we point
out that existence of a myriad of examples of generalized complex structures with
arbitrarily many type change loci is an immediate corollary of coupling construc-
tions of generalized complex structures [CG07, CG09] with the study of existence
of nonisotopic symplectic submanifolds Tj ⊂ M representing the same homology
class [RFS04, Vid04]. Second, as mentioned in the introduction, we exemplify how
such structures are constructed using a small tweak to the proofs in [Tor12]. Hence
the overlap in the claims of the proposition.
Proposition 21. (cf. [CG09, Tor’12, GH13]). There exists a generalized complex
structure Jk on a closed 4-manifold with k type change loci.
Moreover, such closed 4-manifold can be taken to be an elliptic surface E(n)
or every connected sum of copies of CP2 and CP2 that admits an almost-complex
structure.
Proof. Let E(n) be an elliptic surface, and let F be a fiber. According to [RFS04,
Theorem 5.2], [Vid04, Theorem 1.1] there exists an infinite set of pairwise noniso-
topic symplectic 2-tori {Tj : j ∈ N}, which are embedded in E(n) that represent
the homology class 2d[F ]. These are disjoint tori of self-intersection zero. The
proposition follows from [CG07] by simultaneously applying (1, 0, 0)-torus surgery
on k of these tori for k ∈ N.
The proof the second claim follows from coupling the results in [CG09] with
tweaks of [Tor12, Section 4] as we know explain. Consider two fibers F1, F2 ⊂ E(n),
and the product of a torus and a surface of genus h equipped with the product
symplectic form (T 2 ×Σh, pi∗ωT 2 ⊕ pi∗ωΣh). Denote by T := T 2 × {pt} ⊂ T 2 ×Σh.
This is a symplectic submanifold of self-intersection zero. Construct the fiber sum
along F2 and T
(22) X˜(n, h) := E(n)#F2=TT
2 × Σh,
which admits a symplectic structure [Gom95, Theorem 1.3]. The symplectic
manifold X˜(n, h) contains enough homologically essential Lagrangian tori such
that each one carries a surgery loops that is a generator of the fundamental group
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pi1(X˜(n, h)) ∼= pi1(Σh). A rigorous description of the surgery tori can be found in
Lemma 31 of the arXiv version of [Tor12]: these computations are nothing more
than an extension of the computations done in [BK08] and [BK09, Section 3.3].
As in the previous section, the genus of Σh is a function on the number of type
change loci one wants to construct, and one applies simulstaneously k (1, 0, 0)-torus
surgeries [CG07] after applying [Gom95, Lemma 1.6], and the remaining (1, 0, 1)-
torus surgeries [Lut95, ADK03]. Let X(n, h) be the simply connected manifold
obtained after applying all the torus surgeries. It admits a generalized complex
structure with k type change loci by [CG07]. The existence of a diffeomorphism
between X(n, h) and E(n) can be argued as follows. Deconstruct the construction
into a) the torus surgeries applied to the block T 2 × Σh and b) the fiber sum
used to construct X˜(n, h). The argument used to prove Proposition 18 shows
that the surgeries transform T 2 × Σh into T 2 × S2, and the fiber sum E(n) and
T 2 × S2 along a fiber and T 2 × {pt} ⊂ T 2 × S2 preserves the diffeomorphism
class [Ush09, Remark 1.3]. Thus, X(n, h) is diffeomorphic to E(n). The claim
regarding the almost-complex connected sums m1CP2#m2CP2 (m1 odd and m2
a nonnegative integer number) now follows verbatim as [CG09, Example 5.3] by
applying a (1, 0, 0)-torus surgery to the unused fiber F1 ⊂ E(n). It is proven in
[Gom91, Section 3] and [CG09, Appendix] that this last surgery decomposes E(n)
into (2n − 1)CP2#(10n − 1)CP2. The claim follows by blowing up/blowing down
branes that intersect the complex loci exactly as it is done in [CG09, Section 3]. 
The previous argument gives a method to produce generalized complex struc-
tures with arbitrarily many type change loci on any symplectic 4-manifold that
contains an embedded 2-torus, which is either symplectic or homologically essential
Lagrangian torus. The precise statement is as follows.
Proposition 23. Every symplectic 4-manifold that contains a homologically essen-
tial 2-torus of self-intersection zero admits a generalized complex structure Jn with
n ∈ N type change loci.
Remark 24. The reader will benefit from comparing these constructions with those
in [GH13, Theorems 3.1 and 4.7]. The results [GH13, Theorem 3.1, Theorem 4.7]
of Goto and Hayano can be invoked to prove Theorem 2 and Proposition 21. For
example, items in Theorem 2 were constructed using multiplicity 0 [CG07] and 1
[Lut95, ADK03] log transforms, and can also be constructed using log transforms
of more general multiplicity as in [GH13]. As it was informed by the first author
to Goto and Hayano after learning about their preprint, their results on their first
posting on the arXiv can also be used to construct generalized complex structures
with arbitrarily many type change loci on a myriad of manifolds by building on
[CG09], including the almost-complex connected sums m1CP2#m2CP2, as well as
every manifold considered in [CG07, CG09, Tor12].
There is a clear advantage of [GH13] over the tools considered in this preprint,
and we point out two instances to exemplify it. Modulo the existence of a generalized
complex structure, the procedure of Section 2.2 produces many more 3-manifolds as
in the statement of Theorem 2 by applying more general (p, q, r)-torus surgeries,
including copies of the Lens spaces L(p, q) in the connected sum. Using [GH13] one
can conclude the existence of a generalized complex structure with arbitrarily many
type change loci in these manifolds as well. Second, Goto and Hayano’s technology
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equips the almost-complex connected sums m2(S
2 × S2) with generalized complex
structures with arbitrarily many type change loci, thus extending [Tor12, Theorem
9].
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